In this paper, we shall consider the relationship between the derivations and Lie ideals of a prime ring. Some of the results we obtain have been obtained earlier, even for rings more general than prime rings, in the case of inner derivations. We shall also look at the action of derivations on Lie ideals; the results we obtain extend some that had been proved earlier only for the action of derivations on the ring itself.
even that situation. We do not go into a study of our results when there is 2torsion present, here.
In all that follows R will be a prime ring of characteristic not 2. The center of R will be denoted by 2 throughout. If A is a subset of R, by C,(A) we shall mean the centralizer of A, defined by C,(A) = {x E R ( xa = ax all h E A }. We shall also use the notation [a, b] for the commutator ab -ba of a and b.
We begin with a special case of a far more general result (Theorem 5 in [4] ), which we include for the sake of completeness. Since the-result for prime rings is implicitly contained in Lemma 1.3 of [5] , we state the result and give only an indication of its proof. Proof: C,(U) is both a subring and a Lie ideal of R. Since C,(U) cannot contain a non-zero ideal of R-otherwise U centralizes a non-zero ideal of R, so is in Z-by Lemma 1.3 of [5] we conclude that C,(U) c Z. Hence C,(U) = z.
The next result is a special case of Lemma 2 in [4] . LEMMA Primeness of a ring R is defined by: aRb = 0 implies a = 0 or b = 0. The next lemma shows that primeness could also be defined by an analogous property for Lie ideals. = 0. Thus uA4uRUb = 0. If a # 0, since R is prime we obtain Ub = 0; so, if x E R, u E U then (ux -xu) E U, whence (uxxu)b = 0, and so uxb = 0. In other words, uRb = 0; since U # 0, we get b = 0.
We now bring the derivation into play for the first time. We look at some other property of d(U).
LEMMA I. If d z 0 is a derivation of R, and U + Z is a Lie ideal of R, then, tf td(U) = 0 (or d(U)t = 0), we must have t = 0.
Proof
Let u E U, x E R; then (ux -xu)u = u(xu) -(xu)u E U. Thus td((ux -xu)u) = 0; that is t(d(ux -xu))u + t(ux -xu)d(u) = 0. Since ux-xu E u, td(ux -xu) = 0, so the above relation gives us t(ux -xu)d(u) = 0 for all u E U, x E R. Let x = d(v) y where v E U, y E R; we get, since tx = 0, that tud(U) Rd(u) = 0. Since d(U) # 0 we easily get from this last relation that tUd(U) = 0. By Lemma 4, since d(U) # 0, we conclude that t = 0.
We are ready for our first theorem. ] = 0. Therefore, by Theorem 1 (or its Corollary), since U Q Z, we get that a E Z. With this Theorem 2 is proved.
We now want to consider d(U), the subring generated by d(U), where U + Z is a Lie ideal of R and d # 0 is a derivation of R. In [2] it was shown, for any ring R, that d(R) contains a non-zero ideal of R, provided d3 # 0. We shall show here that, in the prime case, if d3 # 0 then d(U) contains a non-zero ideal of R. In what follows we assume-as we have up to now-that R is a prime ring, char R # 2, and that U + Z is a Lie ideal of R and that d # 0 is a derivation of R. We shall make frequent use of the Lie ideals V= [U, U] and W = [I', V] which are closely related to U.
Our result will follow as a consequence of several lemmas. 
Consider d*(d(t)) d*(ud(w) -d(w)u) = 0 where t, w E W and u E V. Expanding this and making use of (5) gives us that d3(t)V d3(w) = 0 for all t, w E W. By Lemma 4 we obtain d3(w) = 0 for all w E W, hence d3( W) = 0, as claimed.
We still need one more lemma before we can prove our next Theorem. 
We now replace u by d(w), r by d(r) where w E W, in (1); we get, using (2) , that [d(w), d4(r)] = 0 for all w E W, r E R. Since W Q 2, by Theorem 2 we get that d4(R) c 2.
Since Suppose, then, that d'(R) # 0; as we have seen, we must have d*(U) c Z. If r E R, ZJ E U then Z 3 d'(rd(u)) = d4(r) d(u) + 4d3(r) d2(u), and since d3(r) E 2, d*(u) E Z we see that d4(r) d(u) E Z; that is, d4(R)d(U) c Z. By Lemma 6 we know that d(U) $ Z, by the above we know that d"(R)c Z; these, combined with d4(R)d(U) c Z force d4(R) = 0.
Again, if r E R, u E U then 0 = d4(rd(u)) = 4d3(r)d2(U), so that d3(R)d2(U) =O. But d*(U)# OcZ (by Theorem 1) so we conclude that d3(R) = 0. This proves the lemma.
We have all the ingredients to prove 
We linearize (3) We conclude the paper with a result which simultaneously implies those of Theorems 1 and 2. This is To see that Theorem 4 implies Theorem 1, merely choose d = 6. As for Theorem 2, if d # 0 is a derivation of R and if a E C,(d(U)), let 6 be defined by 6(x) = ax -xu; we see that ad(U) = 0, hence, by Theorem 4 since d # 0, 6 must be 0. Therefore ax = xu for all x E R, that is to say, a E Z.
